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Abstract
Following a recent work of Chademan-Mirzapour (1995&1999). we
generalize the classical theorems of Jensen, Bernstein-Doetsch,
Ostrowski, Blumberg-Sierpinski and Mehdi on approximately
midconvex functions in real vactor spaces to approximately midconvex
functions on topological groups. We define also ?Z2Wright-convexity in
topological groups and prove a theorem on it.
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1. Introduction

In this article, our main idea has been based on papers of Chademan
and Mirzapour (1995&1999). First we studied approximately convex
functions on Euclidean space and real vector spaces (Hyers and Ulam,
1952; Ng and Nikodem, 1993). Then, we extended this concept to
topological groups, and generalized the important theorems of this new
concept (Chademan and Mirzapour, 1995 & 1999).

Let R" be the n-dimensional Euclidean space. A function f defined
on an open convex subset S of R" is called ?¢convex (Hyers and Ulam,
1952), if:



ON F. Mirzapour and A. Morassaei 113S, 2 (Math.),
2001

f(?N + (1- ?N) £ ?N(x) +(1- ?N(y) + ?N Q)
forallx,y | Sand?d [0, 1]. Hyers and Ulam (1952) proved that for
an ?Nconvex function | on S, there exists a convex function ?Mn S

N n?+3n
suchthat ¥4 (x) - ? £
4(x) - ) £

2tforx1 .

In 1993, Ng and Nikodem, using similar definitions for ?1-convex
and ?-midconvex (i.e. ? = %), and also by defining the ? -Wright-

convex function on an open convex subset of a real vector space X to
conclude two important theorems of Bernstein- Doetsch and
Ostrowski type and many theorems about ?I-Wright-convex functions
(Ng and Nikodem, 1993).

Chademan and Mirzapour, propounded definitions of midconvex
functions in an open midconvex subset [for the definition of midconvex
subset see (Chademan and Mirzapour, 1999) or section 2 of this
article] of topological groups and proved the Jensen’s, Bernstein-
Doetsch, Ostrowski’s and Blumberg-Sierpinski theorems.

Morassaei and Alizadeh (1998) proved the Bernstein-Doetsch and
Ostrowski’s theorems on approximately convex functions for
topological groups.

In this article, we define upper ?ésemicontinuity of a function and
use a suitable definition of ? -midconvex, ? -convex, and ? -Wright-
convex functions on topological groups to show the following
theorems:

Theorem 1. A globally ?@midconvex functions, on a midconvex open
subset of a root-approximable topological group is 2?cconvex if it is
bounded from above on some neighborhood of a point.

Theorem 2. Let ?* be a midconvex open subset in an abelian root-
approximable locally compact topological group G endowed with a
left-invariant Haar measure ?Aand !: ?2A® R be a globally ?A
midconvex function. If ! is bounded from above on a set E 1 2Qwith
0 <?&) <¥, then | is 2?aeonvex.
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Theorem 3. Let ?I be an open midconvex subset of a locally compact
topological group G and |: ?6® R be a globally ?6-midconvex
function and Haar measurable, then | is 2?~convex.

Theorem 4. Let ?[Jbe an open midconvex set in an abelian root-
approximable group G, and |: ?¢ ® R a globally ?e-midconvex
function. If | is bounded above on a subset of ?Uof the second Baire
category, then | is 2?¢convex.

Theorem 5. Let ?+be an open midconvex set in root-approximable
abelian group G. If | : 2 ® R is globally ?"-Wright-convex and locally

bounded from below at a point al 2% then | IS 2 ?.-convex.

2. Definitions and Preliminaries

Let G be a (nondiscrete) topological group, not necessarily abelian, with
the identity element e, and let 211 G be an open set and ?1 be a
nonnegative constant and let F denote the filter of the neighborhoods of
e. Assume | be a real-valued function on ?CIn analogy with Chademan
and Mirzapour, (Chademan and Mirzapour, 1995 & 1999), we present
the following definitions, only with added suffix 2?pto the definitions.

Definition 1. | is called globally ?gmidconvex in ?gif
2l @£} (a2) +} (az) +2? )

for all az such that a, az, az* T 2% This inequality is called the

?2midconvex inequality.

Definition 2. | is called locally ?Nmidconvex at al 21 if there exists
an open symmetric set V| F such that ?=midconvex inequality holds
forallzl V.

Definition 3. | is called sequentially ?@midconvex at a, if it is locally 20
-midconvex in ?4and there exists a symmetric open set VI F such that
aV? | F andfor allz| V, the following condition is satisfied

2! (az) £! (a) +! (az’) + 2\
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A function | which is sequentially ?Mhidconvex at each point of ?Nis
called sequentially ?xmidconvex in 2%

Lemma 1. | : ?20® R is sequentialy ?OGmidconvex at a point a if and
only if there exists an open symmetric neighborhood aV = aV* such
that aV2 1 ?' and for every y | V the following condition is satisfied

"z1 V, 2 ay) £! (ayz?) +! (ayz) + 271
3)
Definition 4. | is called upper ?Psemicontinuous at a, if for 7 there
exists a neighborhood aV, V1 F, such that for all z 1 V the following
inequality holds:
l@£E] () +7?2®?2®

Definition 5. | is called ? -convex at a if it is locally ? -midconvex and
upper ?ssemicontinuous at a. If | is ?«convex at any point of ?e, | is
said to be ? -convex on ?L]

Definition 6 (Chademan, and Mirzapour,1999). An element x1 G
is said to be root-approximable if there exists a sequence (Xn), = oOf
elements G such that

Ij)(y]j)i x, 7@, x> ?px.(n ?f0,1 2, ..)

If every element of G is root-approximable, we say G is a root-
approximable group.

Definition 7 (Chademan, and Mirzapour, 1999). A subset E of the

topological group G is called right midconvex if for every x, y | E,
there existsaz1 Gsuchthatxz| E and xz° =y.

Lemma 2 (Morassaei and Alizadeh, 1998). Let ! : 20® R be a

globally ?Emidconvex and x, a 1 G be such that {x, xa, ..., xa"H ?E
forsomen1 N. Then
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beam £ -y o0+ D kat) +mna-2y 25
n n n

(4)

for all positive m £ n.
Proof. This is proved by induction on n. For n = 1, the inequality is
clear. Assume that (4) holds for m = n — 2, since | is globally ? -
midconvex, we have

2 xa™ E£! (xa") +! (xa") +2?1
and by induction

) E 1 )+ 1221 (™Y + (n-2) 2
n-1 n-1
therefore we get
| (xa™) £ (1-”%): ) + ”Tl (xa") + (n-1)n (1-”%) ?

®)
If for 1 £m £ n -1 condition (4) holds, we get

L (@) £ (1-——)! () + ——! (xa") + m(n-1) (1-—=) P
n-1 n-1 n-1
In view of condition (5); we have
|G £ (L)) (0 + T ) +mn(l-T) 2%

as required. This proves the lemma.

Proposition 1 (Chademan and Mirzapour, 1999; Morassaei and
Alizadeh, 1998) (The generalization of Jensen’s Theorem). Let 7+ G
be an open midconvex subset and | : ?® R be a sequentially ?"-
midconvex function inal ?csif

Lim supyee (aX) <+ 272
Then | is 2?%gonvex at a.

Corollary 1. The sequentially ?é&midconvex function | : ?é® R is
2?yconvex if and only if it is locally bounded from above.
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Remark 1 (Morassaei And Alizadeh, 1998). If G is an abelian root-

approximable topological group and ?U G is an open midconvex set
and | : ?c® R is a globally ?emidconvex function, then

n T X +

xyl ?t ( >

Remark 2. We note that there exist functions that are ?«convex but not

convex. For example, the characteristic function ?%. ¢ is 1-convex but
not convex.

y)E%: X)+1 (y)+?2..

3. The Generalization of Bernstein-Doetsch and Ostrowski’s
Theorems

In this section, we extend Bernstein-Doetsch and Ostrowski’s theorems.
Their proofs are similar to Chademan and Mirzapour, (Chademan and
Mirzapour, 1999).

Theorem 1 (Chademan, and Mirzapour, 1999). Let G be a root-
approximable topological group, and ?nbe midconvex subset of G.
Assume that | : ?€® R is globally ?€midconvex. If there exists a point
al Wand a neighborhood aV of a, V1 F, such that ! is bounded
from above on aV, then | must be 2?Rconvex in ?n.

Proof. Without loss of generality it can be assumed that el W, Suppose
that! £2fon V, VI F and V1 2f. We show that for everyy | 2f,
i i1s bounded from above on some neighborhood of y.

Let y be an arbitrary element of ?,. Since G is root-approximable, there
1

exists a sequence (yn)n: such that y, ?in® e. Hence, there exists

an integer m such that yymT ?% Therefore we can take a chain (Vi)1 ¢
£2"+1 Of symmetric open sets of F with
VoM 24V," 21 200, 2,
and the properties :
3 1 2™+
1 (1) VARV | ©)

| < _
1(2) Yo Vil Vi, yr_nlg ymlvi—l i=23,..2"+1
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We prove that | £ C on the neighborhood (V,".,)y, for
2" 2" 2"

C=(1- =) M+ | (yym) +27(2" +1)(1- )?0
2 +1

+1 2" 2" +1

Let xT V.™qand z= (ynX) 2" By (6), there exists x; in V," such that
Y X = Xgym . Therefore

2= (X Y )2 = XY Xe) oo (Y X) Yook = Xa (Y X0) 2y

Also there exists X, 1 V™1 such that Y *X; = Xoym ™. Thus

- m_ - _ m_ _ _ m_ R
2= X (Yo %) 2 Y = Xa(%aYm ) 2 Y = XaXag Yo X2)? D) Y.

By repeating this process, for 1 £i £2", we get x; 1 V,™.. _; satisfying

2= XX, Xi(Ym X)? " Yo"
For i = 2", we have
=Xy Xy
therefore zy T V:%" and by property (6),
xzy 1 V2™ V.

By Lemma 2, we obtain

1 " 1 " 1 meom _ 2"
| (09) £ (1)1 0y) ) () +2° @D (1o

The proof is complete, by proposition 1.

) ?£C

Proposition 2(Chademan, and Mirzapour,1999). Let G be a localty
compact group and let ?[be a left-invariant Hear measure. If E is a
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measurable set with 0 < ?NE) < ¥, then each EE™ and E™ E contains
an open set from F.

Theorem 2 (Chademan, and Mirzapour,1999; Morassaei and
Alizadeh, 1998). Let ?1 be an open midconvex set in an abelian root-
approximable locally compact nondiscrete group G, ?va left-invariant
Haar measure on G and | : ?[®® R a globally ? -midconvex function.
If ! is bounded from above on a set E 1 ?%aith positive Haar measure
0<m(E) < ¥, then | must be 2 ?-convex on ?[J

Proof. Since G is an abelian root-approximable locally compact
nondiscrete group, then

2% 72 2
E+E _ 55 xy2iES:
Hi(E) = —— = 35 YRR

Therefore the interior of 2E is nonempty, by Proposition 2 and 0 <
m(E) <¥. Assume ; £ M on E, hence

:(X;y)E%:(x)+%:(y)+?£?ﬁEL?/E

for all x,yT E. Then | is 2?'-convex on ?', by Theorem 1.

4 The Generalization of Blumberg-Sierpinski Theorem

In this section, we generalize the Blumberg-Sierpinski theorem on a
approximately midconvex functions in locally compact groups. To
show this theorem, we use the modular function D which is equal to 1
on compact groups (Hewitt and Ross, 1963).

Lemma 3. Let : ?E® R be locally ?Emidconvex at a, and locally
bounded from above at a, then f is locally bounded from below at a.
Proposition 3. Let f : 20® R be sequentially ?#midconvex and
d-convexatal W, Then f is 2?i-convex at a.

Proof. Since f is sequentially ?@midconvex at a, it is therefore locally
2?-midconvex at a. It is enough to show f is upper 2?-semicontinuous
at a. Assume that f is not upper 27? -semicontinuous, then, there exists

?3 such that for all open symmetric neighborhoods aV = aV™,
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syl V;!(ay)>!(a)+2?K 7] )
By induction, we show that

"WIT F,$yl W;!(ay)>f(a) + 228 2"24
(8)

The initial step is clear by (7). Assume (8) holds for n and WT Fis
arbitrary. Since | is sequentially ?-midconvex at a, there exists an open
symmetric set V in F such that V2 W and for all x1 V,

2! (ax)-! (@) £! (@) + 22
By induction, there should exist yT V such that

I (ay) > (a) + 2?7 +2"?¢

S0,

2! (ay)>2! (a) + 4?2+ 2""2%
By (9), we have

2! (ay?) 3! (a) + 2?25 2"'2f
This is a contradiction , since | is d-convex at a,
Corollary 2. Let | : ? ® R be sequentially ?=-midconvex at a and
locally bounded from above at a. Then | is 2?{-convex at a.
Proof. By the hypothesis and Lemma 3, there exists an open symmetric
set UT F suchthat 2! (a) £!(ay) + flay™) + (P@nd £ %4 (ay) Y&
i (@) + M. In other words, | is 2M-convex at a. Thus | is [P%gonvex
at a, by proposition 3.
Proposition 4. Suppose G is a locally compat group and ?&is an open
subset of G. If | :?y ® R is a Haar measurable function and
sequentially ? -midconvex at a W, then! is [ -convex at a.
In this theorem, similar to Theorem 1, the main idea is from
(Chademan and Mirzapour,1999) and we have only added suffix ?>o
the proof.
Proof. In view of Corollary 2 it is enough to show that | is bounded
from above in a neighborhood of a. Assume W is an open symmetric
neighborhood of e with compact closure such that a W | ?% The
modular function D is a continuous homomorphism in G and has
minimumm > on W and
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MAz) = D(z)?(R)
for every 21 Gand ?@neasurable set A1 G (Hewitt and Ross, 1963).
Since | is sequentially ?Mhidconvex at a, there exist open symmetric
setsU, V1 F suchthat U* I V,V*I W and
"yl V.2 (ay) £1(a) +1 (ay’) + 2?M
If | is not bounded from above near a, then for every integer n 3 1,
there exists an element y, in U such that |(ay,) > n. Since | is
sequentially ?{hidconvex, by Lemma 1, we can give V such that
V21 W and
21 (ay) £ (ayz") +| (ay2) + 278
(10)
foreveryz1 V.
For any arbitrary x in U, put z, = x'y,. By replaceing y, z in (10) by yx,
z, respectively, we get

2} (ayn) £ (aynzn-l) +1 (aynzn) +27?
=1 (ax) +, (aynx-lyn) +278

Now, let A, = {x 1 W: ! (ax) > n-2?8 and B, = {xl W :!(ax) > n-2?H
for every integer n 3 1. Thus, A, and B, are measurable sets and
if x| Bp) U, then

| (@ynX'yn) = | (aynZo) = | (axz2) >N - 225

So, (Bn I U)z2i A,. Consequently

n (B | U)z;]1=D(z;)?@Bmwk U) £ 20A,).
But, since 21 U2, we get

m22f (Brob U) £ D(z2)2(Bush U) 22PA,).
Thus,

m*?2¢W)2t2¢ m?)[?(A,) + ?( By)
2qon’+1)[?6A,) + m*(2qW)-26U)).
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Since U is open with positive measure a = ?( U), we have

2eén’

26A,) ?

1+ m? >0

which is independent of n. Now, (An).- 1 IS a decreasing sequence and
?208) £ =mW), then

lim 20A,) = 201 %, A).

n® ¥

¥ ?M? ) -
Therefore, 20 1 A, )2 o So, there exists x 1 | 75, A such

that | (ax) > n for any n T N. This contradicts to the Archimedean
property of real numbers.

Theorem 3. Let ?' be an open midconvex subset of a locally compact
topological group G and | : ?°® R be a globally ?>midconvex Haar
measurable function, then | is 2?9convex on.

5 The Generalization of Theorem
In 1964, Mehdi (Mehdi, 1964) proved the following theorem:
Theorem. Let H be a non-empty open convex set in a topological
vector space E and let | be a function on H. If | is bounded from
above on a second category Baire subset S of H, then | is 27 -convex
on H.

In this section, we prove the above theorem on approximately
midconvex functions in topological groups.

Proposition 5 (Kominek and Kuczma, 1989). Let G be a
semitopological group. If the sets A, B 1 G are of second category
and, moreover, A has the Baire property, then AB™ contains a non-
empty open set.

Remark 3. If in the above Proposition, G is a topological group, then

int(AB) * /E
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Theorem 4. Let W be an open midconvex set in an abelian root-
approximable group G, and | : W® R be a globally ?>xmidconvex
function. If | is bounded from above on a second category Baire subset
of W, then | is 2?éconvex .

Proof. Assume for M 1 R and for a second category Baire subset E of
?% 1 (x) £ M for every x1 E.PutF= % then, for every 21 F

X+y 1,
> ) £

+1(y) + ?0£ 20+ ?0by Remark 1, i.e., | is bounded from above on F.
E+Ey: £

there exist X, yT E such that z :%. Soj(@=(

If we take A = B = E in Proposition 4, we get int F = (

Now, put U=int F, therefore, | is bounded from above on U.
Consequently | is 2? -convex, by the Bernsein-Doetsch theorem.

6 The Generalization of ?=Wright-convexity

Let G ba a topological group and let ?¢1 G be an open set and ?<> is
constant. Also, assume | : ?¢® R is a function.

Definition 8. The function ! is said to be globally ?NWright-convex in
?aif

L (ay™) + 1 (ay) £1(ay'77) + (ayz) + 2?0

(11)

foreverya,y,z1 G suchthata, ay, ay™, az?, ayz, ay’z*1 20
Definition 9. The function | is called locally ? -Wright-convex at
al ?&if there exists an open symmetric V1 F such that av? [ ?&and
foreveryy, z1 V (11) is true.
Remark 4. Any globally ?JNright-convex function is globally
?\midconvex .
Theorem 5. Let ?n be an open midconvex set in an a root-
approximable abelian group G. If | : ?€® R is globally ?€Wright-
convex and locally bounded from below at a point a ?‘?‘, then | is
27?7£convex.
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Proof. Suppose without loss of generality, e T 2tand a = e
Let V=V*T F be an open neighborhood such that V2 i 20! (y*) +
Ly) £1(y'zY) + ! (yz) + 223nd ! (y) 2 m, foranyy, z1 V and a real
number m. In (11), put z=y™. So
() £21(€) -1 (y") +2 22} (&) -m + 22"

This means that | is bounded from above on V. Thus | is bounded
from above at every point of ?e Consequently | is 2?econvex at every
point of ?1, by Bernstein-Doetsch theorem.
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